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SM prediction (PDG 2013)

Contribution Central Value ×1010 Uncertainty ×1010

aQED
µ 11 658 471.895 0.008
aEWµ 15.4 0.1

aHAD, LO VP
µ

∗ 692.3 4.2

aHAD, HO VP
µ -9.84 0.06

aHAD, LBL
µ

∗∗ 10.5 2.6

aSMµ 11 659 180.3 4.9

FNAL E989 target ≈ 1.6

∗ e+e− → hadrons (exp) and dispersion integrals; “3.3σ tension” based on: K. Hagiwara et al.,

J. Phys. G38 (2011) 085003: aHAD, LO VP
µ × 1010 → 694.91

∗∗ based on Prades, de Raphael, and Vainshtein 2009 “Glasgow White Paper”: QCD model including PS meson

contribution; Pauk and Vanderhaeghen Eur.Phys.J. C74 (2014) 8, 3008: include AV,S,T meson poles yields

< 1.0× 10−10 shifts in aHAD, LBL
µ
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The hadronic vacuum polarization (HVP) diagram

f=u,d,s,c

µ

On the next slides afµ =

Note: there is also a quark-disconnected diagram
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HPQCD 2014 (new method for improved statistics):

J. Koponen et al. / Nuclear Physics B Proceedings Supplement 00 (2014) 1–4 5

Set amsea
l amsea

s am⌘s ZV,s̄s L/a ⇥ T/a ncfg ⇥ nsrc

1 0.01300 0.0650 0.54024(15) 0.9887(20) 16 ⇥ 48 1020 ⇥ 12
2 0.00235 0.0647 0.52680(8) 0.9887(20) 32 ⇥ 48 1000 ⇥ 12
3 0.01020 0.0509 0.43138(12) 0.9938(17) 24 ⇥ 64 526 ⇥ 16
4 0.00507 0.0507 0.42664(9) 0.9938(17) 24 ⇥ 64 1019 ⇥ 16
5 0.00507 0.0507 0.42637(6) 0.9938(17) 32 ⇥ 64 988 ⇥ 16
6 0.00507 0.0507 0.41572(14) 0.9938(17) 32 ⇥ 64 300 ⇥ 16
7 0.00507 0.0507 0.42617(9) 0.9938(17) 40 ⇥ 64 313 ⇥ 16
8 0.00184 0.0507 0.42310(3) 0.9938(17) 48 ⇥ 64 1000 ⇥ 16
9 0.00740 0.0370 0.31384(9) 0.9944(10) 32 ⇥ 48 504 ⇥ 16

10 0.00120 0.0363 0.30480(4) 0.9944(10) 64 ⇥ 96 621 ⇥ 16

Table 1: Lattice ensembles used in this study, made by MILC collaboration [5, 6]. The first two sets are “very coarse” (lattice spacing a ⇠ 0.15 fm),
sets 3� 8 are “coarse” (a ⇠ 0.12 fm) and sets 9� 10 are “fine” (a ⇠ 0.09 fm) ensembles. amsea

l and amsea
s are the sea light and strange quark masses

in lattice units and am⌘s is the ⌘s meson mass. ZV,s̄s is the vector current renormalisation constant. L and T are the spatial and temporal extents of
the lattice. ncfg is the number of configurations and nsrc is the number of time sources used in this study.

as
µ ac

µ

Uncertainty in lattice spacing (w0, r1): 1.0% 0.6%
Uncertainty in ZV : 0.4% 2.5%

Monte Carlo statistics: 0.1% 0.1%
a2 ! 0 extrapolation: 0.1% 0.4%

QED corrections: 0.1% 0.3%
Quark mass tuning: 0.0% 0.4%

Finite lattice volume: < 0.1% 0.0%
Padé approximants: < 0.1% 0.0%

Total: 1.1% 2.7%

Table 2: Error budgets for connected contributions to the muon anomaly aµ from vacuum polarization of s and c quarks. See [1] for more detailed
discussion on the estimation of the errors.

as/c
µ dispersion HPQCD ETMC RBC/UKQCD

+ expt (prelim.) (prelim.)
as
µ ⇥ 1010 55.3(8) 53.4(6) 53(3) 52.4(2.1)

ac
µ ⇥ 1010 14.4(1) 14.4(4) 14.1(6) –

Table 3: Comparison with other results. The dispersion relation + experiment results are from [3] and [12]; HPQCD results are from [1] (moments
used for ac

µ were calculated in [9, 10]); ETMC results are from [11]; RBC/UKQCD results are from [13].

J. Koponen et al. / Nuclear Physics B Proceedings Supplement 00 (2014) 1–4 5

Set amsea
l amsea

s am⌘s ZV,s̄s L/a ⇥ T/a ncfg ⇥ nsrc

1 0.01300 0.0650 0.54024(15) 0.9887(20) 16 ⇥ 48 1020 ⇥ 12
2 0.00235 0.0647 0.52680(8) 0.9887(20) 32 ⇥ 48 1000 ⇥ 12
3 0.01020 0.0509 0.43138(12) 0.9938(17) 24 ⇥ 64 526 ⇥ 16
4 0.00507 0.0507 0.42664(9) 0.9938(17) 24 ⇥ 64 1019 ⇥ 16
5 0.00507 0.0507 0.42637(6) 0.9938(17) 32 ⇥ 64 988 ⇥ 16
6 0.00507 0.0507 0.41572(14) 0.9938(17) 32 ⇥ 64 300 ⇥ 16
7 0.00507 0.0507 0.42617(9) 0.9938(17) 40 ⇥ 64 313 ⇥ 16
8 0.00184 0.0507 0.42310(3) 0.9938(17) 48 ⇥ 64 1000 ⇥ 16
9 0.00740 0.0370 0.31384(9) 0.9944(10) 32 ⇥ 48 504 ⇥ 16

10 0.00120 0.0363 0.30480(4) 0.9944(10) 64 ⇥ 96 621 ⇥ 16

Table 1: Lattice ensembles used in this study, made by MILC collaboration [5, 6]. The first two sets are “very coarse” (lattice spacing a ⇠ 0.15 fm),
sets 3� 8 are “coarse” (a ⇠ 0.12 fm) and sets 9� 10 are “fine” (a ⇠ 0.09 fm) ensembles. amsea

l and amsea
s are the sea light and strange quark masses

in lattice units and am⌘s is the ⌘s meson mass. ZV,s̄s is the vector current renormalisation constant. L and T are the spatial and temporal extents of
the lattice. ncfg is the number of configurations and nsrc is the number of time sources used in this study.

as
µ ac

µ

Uncertainty in lattice spacing (w0, r1): 1.0% 0.6%
Uncertainty in ZV : 0.4% 2.5%

Monte Carlo statistics: 0.1% 0.1%
a2 ! 0 extrapolation: 0.1% 0.4%

QED corrections: 0.1% 0.3%
Quark mass tuning: 0.0% 0.4%

Finite lattice volume: < 0.1% 0.0%
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Impressive progress but HVP a solved problem? No. Keep in mind
total ac+s+d+u

µ × 1010 ≈ 700. Need to control light-quark case.

arXiv:1411.0569
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Challenges for au,dµ :

Statistics: noise problem, new methods for s, c contribution do
not address main issue

Disconnected diagram: estimated to be O(1%) of the connected
contribution, see Meyer 2013

Isospin-breaking: need to include strong and EM isospin-breaking
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q q

=
∫∞
0 d(q2)f (q2)

(
1
q2

q + k

k

−(q → 0)

)

= Π̂(q2)

Blum 2002
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Illustration of integrand
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Source of noise for small q:

Traditional estimators do not satisfy configuration-by-configuration
the properties that hold after quantum average such as〈
Πµν(q2 = 0)

〉
= 0,

〈
Im Πµν(q2)

〉
= 0.

Πµν(x) =
〈
V cons.
µ (x)V loc.

ν (0)
〉
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C (t) =
∑
~x Πµν(x0 = t, ~x) for µ = 1, 2, 3
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How do new methods such as the HPQCD method address the
q → 0 noise problem?

Use estimator for Πµν(q2) and Π(q2) that has proper q → 0 limit
configuration-by-configuration:

〈
Π̂(q2)

〉
=

〈∑

t

Re

(
exp(iqt)− 1

q2
+

1

2
t2
)

ReCµµ(t)

〉
(1)

(CL lattice 2014, slight modification of Eq. (81) in Bernecker and Meyer 2012)

The HPQCD moments method is a Taylor expansion of the above
estimator for small q.
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But: much less important for light quarks for which different noise
dominates
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Status of lattice HVP determinations versus precision goal

I Strange- and charm-quark contributions can be determined at
experimental precision goal right now (improved estimators)

I Light quarks require much more statistics (using long-distance
modeling one can carefully treat statistical for systematic
errors); HPQCD/MILC, RBC/UKQCD, and others are
working on this

I Still missing: disconnected diagrams (expected to be small)
and isospin-breaking effects
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Outline

The hadronic vacuum polarization

The hadronic light-by-light contribution
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The hadronic light-by-light contribution

Hadronic light-by-light scattering contribution to the muon anomalous magnetic
moment from lattice QCD

Thomas Blum,1, 2 Saumitra Chowdhury,1 Masashi Hayakawa,3, 4 and Taku Izubuchi5, 2

1Physics Department, University of Connecticut, Storrs, Connecticut 06269-3046, USA
2RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, New York 11973, USA

3Department of Physics, Nagoya University, Nagoya 464-8602, Japan
4Nishina Center, RIKEN, Wako, Saitama 351-0198, Japan

5Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA
(Dated: July 11, 2014)

The form factor that yields the light-by-light scattering contribution to the muon anomalous
magnetic moment is computed in lattice QCD+QED and QED. A non-perturbative treatment of
QED is used and is checked against perturbation theory. The hadronic contribution is calculated
for unphysical quark and muon masses, and only the diagram with a single quark loop is computed.
Statistically significant signals are obtained. Initial results appear promising, and the prospect for
a complete calculation with physical masses and controlled errors is discussed.

INTRODUCTION

The muon anomaly aµ provides one of the most strin-
gent tests of the standard model because it has been
measured to great accuracy (0.54 ppm) [1], and calcu-
lated to even better precision [2–4]. At present, the dif-
ference observed between the experimentally measured
value and the standard model prediction ranges between
249 (87) ⇥ 10�11 and 287 (80) ⇥ 10�11, or about 2.9 to
3.6 standard deviations [2–4]. In order to confirm such
a di↵erence, which then ought to be accounted for by
new physics, new experiments are under preparation at
Fermilab (E989) and J-PARC (E34), aiming for an accu-
racy of 0.14 ppm. This improvement in the experiments,
however, will not be useful unless the uncertainty in the
theory is also reduced.

Table I summarizes the contributions to aµ from
QED [2], electroweak (EW) [5], and QCD sectors of the
standard model. The uncertainty in the QCD contri-
bution saturates the theory error. The precision of the
leading-order (LO) hadronic vacuum polarization (HVP)
contribution requires sub-percent precision on QCD dy-
namics, reached using a dispersion relation and either
the experimental production cross section for hadrons
(+�) in e+e� collisions at low energy, or the experimental
hadronic decay rate of the ⌧ -lepton with isospin breaking
taken into account. Meanwhile lattice QCD calculations
of this quantity are improving rapidly [6], and will pro-
vide an important crosscheck.

Unlike the case for the HVP, it is di�cult, if not im-
possible, to determine the hadronic light-by-light scat-
tering (HLbL) contribution (Fig. 1), aµ(HLbL), from ex-
perimental data and a dispersion relation [7]. So far,
only model calculations have been done. The uncertainty
quoted in Table I was estimated by the “Glasgow consen-
sus” [8]. Note that the size of aµ(HLbL) is the same order
as the current discrepancy between theory and experi-
ment. Thus, a first principles calculation, which is sys-

TABLE I. The standard model contributions to the muon
g�2, scaled by 1010; the QED contribution up to O(↵5), EW
up to O(↵2), and QCD up to O(↵3), consisting of the leading-
order (LO) HVP, the next-to-leading-order (NLO) HVP, and
HLbL. For the LO HVP three results obtained without (the
first two) and with (the last) ⌧ ! hadrons are shown.

QED 116 584 71.8 951 (9)(19)(7)(77) [2]
EW 15.4 (2) [5]
QCD LO HVP 692.3 (4.2) [3]

694.91 (3.72) (2.10) [4]
701.5 (4.7) [3]

NLO HVP �9.79 (9) [9]
HLbL 10.5 (2.6) [8]

tematically improvable, is strongly desired for aµ(HLbL).
In this paper, we present the first result for the magnetic
form factor yielding aµ(HLbL) using lattice QCD.

FIG. 1. Hadronic light-by-light scattering contribution to
the muon g � 2, where the grey part consists of quarks and
gluons. The wavy lines denote photons, and the dashed arrow
line represents the muon.
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A long-standing problem of interest for our collaboration

First methodology paper 10 years ago: Blum, Hayakawa, Izubuchi,
Yamada: PoS(LAT2005)353 (QCD+quenched QED)

Hadronic light-by-light scattering contribution to the muon g−2 from lattice QCD Masashi Hayakawa

could be estimated by purely theoretical calculation. So far, it has been calculated only based on
the hadronic picture [7, 8]. Thus the first principle calculation based on lattice QCD is particularly
desirable.

µ

elastic scattering amplitude
of two photons by QCD

l1l2

Figure 1: hadronic light-by-light scattering contribution to the muon g−2

The diagram in Fig. 1 evokes the following naive approach; we calculate repeatedly the cor-
relation function of four hadronic electromagnetic currents by lattice QCD with respect to two
independent four-momenta l1, l2 of off-shell photons, and integrate it over l1, l2. Such a task is too
difficult to accomplish with use of supercomputers available in the foreseeable future.

Here we propose a practical method to calculate the h-lbl contribution by using the lattice
(QCD + QED) simulation; we compute

〈 quark 〉

QCD+quenched QEDA

−
〈

quark

〉

QCD+quenched QEDB〈 〉

quenched QEDA

, (2)

amputate the external muon lines, and project the magnetic form factor, and divide by the factor
3. In Eq. (2) the red line denotes the free photon propagator Dµν(x, y) in the non-compact lat-
tice QED solved in an appropriate gauge fixing condition. The black line denotes the full quark
propagator Sf (x, y;U, u) for a given set of SU(3)C gauge configuration

{
Ux,µ

}
andU(1)em gauge

configuration
{
ux,µ

}
, where the sum over relevant flavors f is implicitly assumed. The blue line

represents the full muon propagator s(x, y; u). The average ⟨, ⟩ above means the one over the
unquenched SU(3)C gauge configurations and/or the quenched U(1)em gauge configurations 1 as
specified by the subscript attached to it. Since two statistically independent averages over U(1)em
gauge configurations appear in the second term, they are distinguished by the labels A, B.

1For the unquenched QCD plus quenched QED to respect the gauge invariance of QED, the electromagnetic charges
of sea quarks are assumed to be zero.

P
o
S
(
L
A
T
2
0
0
5
)
3
5
3

353 / 3

Noise control: impose quantum-average properties config-by-config
(e → −e, p → −p)
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First a-priori lattice determination:

Blum et al., Phys.Rev.Lett. 114 (2015) 1, 012001: connected
diagrams only, mπ = 329 MeV, a−1 = 1.73 GeV, L = 243 × 64

4

QCD CONTRIBUTION

The inclusion of QCD into the light-by-light amplitude
is straightforward: simply construct combined links from
the product of U(1) (QED) gauge links and SU(3) (QCD)
links [15], and follow exactly the same steps, using the
same code, as described in the previous sub-section. We
use one quenched QED configuration per QCD configura-
tion, though di↵erent numbers of each could be beneficial
and should be explored.

Our main result is again computed on a lattice of size
243 ⇥ 64 (Ls = 16, M5 = 1.8) with spacing a = 0.114
fm (a�1 = 1.73 GeV) and light quark mass 0.005 (m⇡ =
329 MeV) (an RBC/UKQCD collaboration 2+1 flavor,
DWF+Iwasaki ensemble [13, 14]). The bare muon mass
is again set to mµ = 0.1 (the renormalized mass extracted
from the two-point function is 190 MeV), and e = 1 as
before. The domain wall height M5 for the quark loop
propagators is set to 1.8, the value used to generate the
gluon gauge field ensemble; M5 for the muon line is the
same as in the pure QED case.

The all mode averaging (AMA) technique [16] is used
to achieve large statistics at an a↵ordable cost. In the
AMA procedure the expectation value of an operator is
given by hOi = hOresti + 1

NG

P
ghOapprox,gi [16], where

NG is the number of measurements of the approximate
observable, and “rest” refers to the contribution of the
exact observable minus the approximation, evaluated for
the same conditions. The exact part of the AMA calcu-
lation was done using eight point sources on each of 20
configurations, and the approximation was computed us-
ing 400 low-modes of the even-odd preconditioned Dirac
operator and NG = 216 point sources computed with
stopping residual 10�4 on 375 configurations. On a dif-
ferent subset of 190 configurations we tried 125 point
sources and found the 216 sources per configuration to
be more e↵ective at reducing the statistical error. In the
present calculation, the statistical errors are completely
dominated by the second term in the above equation,
(approximately 4:1) and the “rest”, or correction is about
�10 ± 5%.

The external electromagnetic vertex is inserted on time
slice top = 5 with the muon created and destroyed at
several time separations ranging between 8 and 20. We
also include the vector current renormalization in pure
QCD from [14] for the local vector current at the exter-
nal vertex. We have computed the connected diagram
shown in Fig. 2 for a single quark with charge +1 in the
present exploratory study, so the final result is multiplied
by (2/3)4+(�1/3)4+(�1/3)4 to account for (degenerate)
u, d, and s quark contributions.

In Fig. 4 we show F2((2⇡/L)2) for hadronic light-by-
light scattering. Again there is a large excited state ef-
fect. For tsep = 20 the ground state appears to dominate,
and the value is roughly consistent with the model esti-

mate [8]. By tsep = 32, the signal has disappeared, but
there is no suggestion of large residual excited state con-
tamination. The unphysical heavy masses used here for
numerical expediency are expected to lead to a some-
what higher value: in hadronic models the increase due
to muon mass overwhelms the decrease due to heavier
pion mass [18].

F2(Q
2) is shown in Fig. 5 for several values of Q2 for

tsep = 10. A mild dependence on Q2 is seen. While we
have not computed Q2 values for tsep = 20, a similar
dependence is expected since the quark part computed
in both is the same; only the muon line is di↵erent.

As anticipated above, before averaging over equivalent
external momenta, the statistical errors are considerably
larger as the two photon exchange contribution is one
order lower in ↵. While the combinations ±~p e↵ectively
eliminate the error from this contribution, the light-by-
light contribution is identical, so the statistical error is
only reduced by averaging over independent momenta or
the �µ inserted at the external vertex.

0 0.1 0.2 0.3 0.4
Q2 (GeV2)

-0.1

-0.05

0

0.05

0.1

0.15

F 2(Q
2 )

Models
tsep=0-10 (m

π
=330 MeV)

FIG. 5. The muon’s magnetic form factor in units of (↵/⇡)3

from hadronic light-by-light scattering. m⇡ = 329 MeV. The
time separation between the muon source and sink in this case
is tsep = 10. The model result (burst) is for physical masses.

Early preliminary work [19] was done on another
DWF+Iwasaki ensemble with size 163 ⇥ 32 and light
quark mass mq = 0.01 (m⇡ = 422 MeV). Two muon
masses, mµ = 0.4 and 0.1, were used. The external elec-
tromagnetic vertex is inserted on time slice top = 6 and
the incoming and outing muons are created and destroyed
at t = 0 and 12, respectively. Following the same pro-
cedure as above (except that we did not use AMA), for
mµ = 0.4 (6.5 times the physical muon mass), F2(Q

2 =
0.38 GeV2) = (5.8±0.6)⇥10�5 = (0.79±0.08)⇥ (↵/⇡)3.
The magnitude is roughly 5 times larger than the model
estimates for aµ(HLbL). The smaller muon mass mµ =
0.1 yields F2(Q

2 = 0.19 GeV2) = (0.48 ± 0.18) ⇥ 10�5 =
(0.065 ± 0.024) ⇥ (↵/⇡)3.

Finally, the subtraction is shown to be working prop-
erly in the (QCD + QED) case by varying e as follows.
The same non-compact QED configurations are used in
each case; e is varied only when constructing the expo-

aµ = F2(0)
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Imperfections that need to be addressed:

I Omission of disconnected diagrams

I Control of large QED FV errors

I Control of excited state contributions

I Computation at physical pion mass
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Inclusion of QCD+dynamical QED

Blum, Hayakawa, and Izubuchi, PoS(LATTICE 2013)439
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Update on hadronic light-by-light

second largest values of Q2 where it is zero within statistical errors. Even heavier quarks and
muons lead to large values with the opposite sign compared to models, though this is consistent
with expected non-leading contributions.

A significant shortcoming in the current calculation is the absence of diagrams with two or
more quark loops coupled to photons as the one shown on the right in Fig. 1. They are next-to-
leading order in the number of colors, 1/NC, and 5 diagrams other than the ones in Fig 1 vanish in
the SU(3)-flavor symmetry limit. They may be significant and could correct the odd Q2 behavior
of F2 in Fig. 2. This behavior may also be due to poor statistics and prevents us from making a
reliable Q2 ! 0 extrapolation.

We are currently working to include the contribution of the missing diagrams by using dy-
namical QCD+QED configurations, or equivalently, by re-weighting the quenched QED configu-
rations [16]. In Fig. 3 we show all possible quark-line disconnected diagrams. The corresponding
subtracted correlation functions are shown in Fig. 4. Since the diagrams are not computed sep-
arately, but arise from hadronic vacuum polarization in the dynamical QED configurations, it is
important that they occur with the same multiplicity. A careful accounting of the contributions
shown in Fig. 4 shows this is true. A new complication arises in the last diagram where the quark
loops containing the external vertex and the manually inserted virtual photon are different. In the
latter, a random 4-volume source is required.

I. HADRONIC LIGHT-BY-LIGHT CONTRIBUTION

Thus far, we foused primarily on the hadronic light-by-light contribution involving a

quark loop with four electromagnetic (EM) verties, called LBL(4).

Below, I list up all diagrams containing more than one quark loop having EM vertices

(with no lattice-artifact interactions) 1.

The hadronic light-by-light scattering diagrams with two quark loops having EM vertices

2
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* +
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1 All figures are brought from M.H.’s slide used at Lattice 2005. Sorry for di↵erence of notations used in

Sec. II
2 Individual photon lines emanated from quark loops should be contracted with those attatched on the

muon lines in all possible ways.

2

I call the contributions (1), (2) and (3) as LBL(1,3), LBL(2,2) and LBL(3,1), respectively
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I call the contribution (6) as LBL(1,1,1,1).
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I call the contribution (6) as LBL(1,1,1,1).

3

Figure 3: Disconnected quark-line diagrams in HLbL scattering. The photons connect the quark loops with
the muon line in all possible combinations.
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Other collaborations are generating QCD+dynamical QED ensembles:
FNAL/MILC (Zhou and Gottlieb, PoS LATTICE2014 (2014) 024), BMW
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Re-examine statistics

QCD+QED simulations suffer from large statistical uncertainties.
We explore a different method here:

Point Source Photon Light by Light - Comparison
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Figure 16. Excited effects on F2. 163 × 32 lattice, with a−1 = 1.747GeV, mπ = 424MeV, mµ =

332MeV. Here we compare the new point source method with the old stochastic photon method.

Same-cost comparison: red data: old method QCD+quenched
QED, black: new stochastic sampling method (Luchang Jin)

Luchang Jin

Plot for 163 QCD+QED data of Blum et al. 2014
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Excited states

I As we go to larger volumes, excited state contributions of
µ+ γ etc. may be enhanced

I Lattice QED perturbation theory converges well and can be
used to construct improved source

I We are exploring this with the PhySyHCAl system that also
was used for a free-field test of Blum et al. 2014
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Finite-volume errors

General FV problem of QCD+QED
simulations. However, for HVP com-
putations this was no issue (see
HPQCD 2014 error budget):

J. Koponen et al. / Nuclear Physics B Proceedings Supplement 00 (2014) 1–4 5

Set amsea
l amsea

s am⌘s ZV,s̄s L/a ⇥ T/a ncfg ⇥ nsrc

1 0.01300 0.0650 0.54024(15) 0.9887(20) 16 ⇥ 48 1020 ⇥ 12
2 0.00235 0.0647 0.52680(8) 0.9887(20) 32 ⇥ 48 1000 ⇥ 12
3 0.01020 0.0509 0.43138(12) 0.9938(17) 24 ⇥ 64 526 ⇥ 16
4 0.00507 0.0507 0.42664(9) 0.9938(17) 24 ⇥ 64 1019 ⇥ 16
5 0.00507 0.0507 0.42637(6) 0.9938(17) 32 ⇥ 64 988 ⇥ 16
6 0.00507 0.0507 0.41572(14) 0.9938(17) 32 ⇥ 64 300 ⇥ 16
7 0.00507 0.0507 0.42617(9) 0.9938(17) 40 ⇥ 64 313 ⇥ 16
8 0.00184 0.0507 0.42310(3) 0.9938(17) 48 ⇥ 64 1000 ⇥ 16
9 0.00740 0.0370 0.31384(9) 0.9944(10) 32 ⇥ 48 504 ⇥ 16

10 0.00120 0.0363 0.30480(4) 0.9944(10) 64 ⇥ 96 621 ⇥ 16

Table 1: Lattice ensembles used in this study, made by MILC collaboration [5, 6]. The first two sets are “very coarse” (lattice spacing a ⇠ 0.15 fm),
sets 3� 8 are “coarse” (a ⇠ 0.12 fm) and sets 9� 10 are “fine” (a ⇠ 0.09 fm) ensembles. amsea

l and amsea
s are the sea light and strange quark masses

in lattice units and am⌘s is the ⌘s meson mass. ZV,s̄s is the vector current renormalisation constant. L and T are the spatial and temporal extents of
the lattice. ncfg is the number of configurations and nsrc is the number of time sources used in this study.

as
µ ac

µ

Uncertainty in lattice spacing (w0, r1): 1.0% 0.6%
Uncertainty in ZV : 0.4% 2.5%

Monte Carlo statistics: 0.1% 0.1%
a2 ! 0 extrapolation: 0.1% 0.4%

QED corrections: 0.1% 0.3%
Quark mass tuning: 0.0% 0.4%

Finite lattice volume: < 0.1% 0.0%
Padé approximants: < 0.1% 0.0%

Total: 1.1% 2.7%

Table 2: Error budgets for connected contributions to the muon anomaly aµ from vacuum polarization of s and c quarks. See [1] for more detailed
discussion on the estimation of the errors.

as/c
µ dispersion HPQCD ETMC RBC/UKQCD

+ expt (prelim.) (prelim.)
as
µ ⇥ 1010 55.3(8) 53.4(6) 53(3) 52.4(2.1)

ac
µ ⇥ 1010 14.4(1) 14.4(4) 14.1(6) –

Table 3: Comparison with other results. The dispersion relation + experiment results are from [3] and [12]; HPQCD results are from [1] (moments
used for ac

µ were calculated in [9, 10]); ETMC results are from [11]; RBC/UKQCD results are from [13].

Benefit of treating the valence photon in infinite volume

q q

=
R1
0 d(q2)f (q2)

 
1
q2

q + k

k

�(q ! 0)

!

= ⇧̂(q2)

Blum 2002
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For LBL a similar decomposition would be much more challenging
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QCD+QED: importance of valence effects

Example: dynamical QCD+QED contribution of BMW 2014

Neutron–proton mass splitting (in figure for artificially large e2)

Dashed line is obtained
from free fermion plus QED
one-loop finite-volume pole
mass shift. -10

-5

 0

 5

 10

 0  20  40  60  80  100

∆
M

Σ
[M

e
V

]

∆q2=0

-10

-5

 0

 5

 10

 0  20  40  60  80  100

∆
M

N
[M

e
V

]

∆q2=-1

 0

 2

 4

 6

 8

 10

 0  20  40  60  80  100

∆
M

Ξ
[M

e
V

]

1/L[MeV]

∆q2=+1

 15

 20

 25

 30

 35

 40

 45

 0  20  40  60  80  100

∆
M

Ξ
cc

[M
e
V

]

1/L[MeV]

∆q2=+3

Figure S8: Finite-volume effects in baryon isospin splittings. The dependence is always consistent with the
universal behavior of Eq. (26) (dashed lines).
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Figure S8: Finite-volume effects in baryon isospin splittings. The dependence is always consistent with the
universal behavior of Eq. (26) (dashed lines).
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Bloch’s theorem and QCD+QED simulations
CL lattice 2014

m
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Uµ(x)

Uµ(x)

Uµ(x)

Uµ(x)

Uµ(x)

Uµ(x)

Ψ(x + L̂1 + L̂2) Ψ(x + 2L̂1 + L̂2) Ψ(x + 3L̂1 + L̂2)

Ψ(x + L̂1) Ψ(x + 2L̂1) Ψ(x + 3L̂1)

Valence fermions Ψ living on a repeated gluon background Uµ with
periodicity L1, L2 and vectors L̂1 = (L1, 0), L̂2 = (0, L2)

CL lattice 2014QCD setup
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Let ψθ be the quark fields of your finite-volume action with
twisted-boundary conditions

ψθx+L = e iθψθx .

Then one can show that

〈
Ψx+nLΨ̄y+mL

〉
=

∫ 2π

0

dθ

2π
e iθ(n−m)

〈
ψθx ψ̄

θ
y

〉
, (2)

where the 〈·〉 denotes the fermionic contraction in a fixed
background gauge field Uµ(x). (4d proof available.)

This specific prescription produces exactly the setup of the
previous page, it allows for the definition of a conserved current,
and allows for a prescription for flavor-diagonal states.

CL lattice 2014
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Status of lattice hadronic light-by-light determination:

The experimental target precision needed for the light-by-light
contribution is substantially less than for the HVP contribution:
≈ 10− 15%

Blum et al., Phys.Rev.Lett. 114 (2015) 1, 012001: first ab-initio
computation

Work on its imperfections is in progress:

I Using the improved stochastic method to compute the
connected contribution at the physical pion mass

I Exploring excited-state and finite-volume effects

I Exploring optimal strategies to include the disconnected
diagrams

Other collaborations have started similar efforts (FNAL/MILC).
The lattice community is actively putting its focus on this
important quantity.
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Thank you


